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Annotatsiya:Mazkur maqolada chegaralanmagan sohada uchinchi tartibli tenglama
uchun chegaraviy masala qaralgan bo‘lib yechimining mavjudligi Fredgolmning ikkinchi tur
integral tenglamalari nazariyasidan foydalangan holda isbotlangan.

Kalit so'zlar:Yugori tartibli tenglama, Fredgolm integral tenglamasi, yechimning
mavjudligi,Grin funksiyasi.

Murakkab va murakkab-aralash tipdagi tenglamalar uchun respublikamizda
ustozlarimiz T.D.Jo’rayev [1], M.S.Salohiddinov [2] va ularning shogirdlari tomonidan

chegaraviy masalalar qo‘yilib ularni o‘rganish nazariyalari yaratilgan.Bu magolada uchinchi
tartibli tenglama uchun chegaralanmagan sohada chegaraviy masala o‘rganilgan. Bu
masala yechimining yagonaligi [4]da ibotlangan.

Masalaning qo‘yilishi:
Ushbu

0
&(UXX +U, ) +C(x, y)U(x,y)=0,y>0

0
&(UXX -U,)=0,y<0

tenglamani D = { DubD,uy= 0} sohada garaymiz.

Bunda D, ={(x,y):x>0,y>0} D,={(x,y):x>0,y>-x}, C(Xy) berilgan
funksiya.

Masala. D sohada (1) tenglamaning quyidagi shartlarni ganoatlantiruvchi U(X,Y)
yechimi topilsin:

1) U(X,Y) funksiya D da uzluksiz;

2) U(X,y¥) D sohada (1) tenglamaning regulyar yechimi, Yy #0;

3) U (X, y) guyidagi chegaraviy shartlarni ganoatlantirsin:

U@O,y)=¢p(y), 0<y<w (2)
U.0,y)=¢(y), 0<y<w (3)
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UX—X)=y,(X), 0<Xx<owo (4)

oU (X,—X

%WZ(X), 0<Xx<oo (5)
IRimUX=O, R’=x*+Vy? x>0, y>0 (6)

bu yerda @ (y),w:(x), (i=12) berilgan funksiyalar bo‘lib, ¢,(0) =y, (0) kelishuv shartini
ganoatlantiradi.

0
~u=V
x (7)
deb belgilash kiritsa, u holda (1) tenglama

AV +CU =0

V=0 (8)
ko‘rinishni oladi, bunda

o° 0

A:y+y—elliptik operator,

0> 0
Dzy—y—giperbolik operator.
(2)-(6) chegaraviy shartlardan foydalanib noma’lum V(x,y) funksiya uchun quyidagi
chegaraviy shartlarni olamiz;

V) =5 (100 + 200w ) o
V) o=09), (10
imV (x,y) =O0. (11)

MASALA YECHIMINING MAVIJUDLIGI
Teorema. Agar berilgan funksiyalar

N
a) [C(x,Y) ISEl,R—mo, N, =const, C (x,y)>=0

b) (Di(Y),CDZ(X) (i=1,2) funksiyalar uzluksiz;

C C C
\coz(y)\SR—é, ¢1(y)\SR—§, C(xy)<=z
C C
‘l//l(X)‘SR—i, Wz(x)‘_ Ri R
(CjZCOHtS, j=],_5) shartlarni ganoatlantirsa, u holda (1)—(6) masalani yechimi
mavjud.
ISBOT: (7) belgilashga ko‘ra (1)tenglamadan D, sohada
Vi tV,, =—CU (12)
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tenglamani, (3), (6), shartlardan esa(10), (11) shartlarni olamiz. D, sohada (1)

tenglamani
U, U, =o(y) (13)
ko‘rinishida yozib olamiz, bunda @(y) noma’lum funksiya. (13) ning umumiy yechimi

3]

1 Y, X+y-n
U(x,y):F(x+y)+®(x—y)+ZIdy j w(n)dn (14)
0 X—y+n

ko‘rinishida bo’ladi. (5) shartdan foydalanib (14) dan

o(y) =2y, (-y) (15)

ekanligini topamiz. (4) shartdan foydalanib va (15) ni nazarda tutsak quyidagiga ega
bo‘lamiz:

U(x,y):F(x+y)+y/1(%j—F(0)+P(x,y) (16)

bu yerda

P(xy)=2fay | vcman

X=y+n

(16) danva U(x,0)=7(x) , U,(x,0)=v(x) belgilashlarga ko‘ra

7'(X)=v(X) =y, (X) (17)
ko‘rinishidagi noma’lum funksiyalar uchun birinchi munosabatni olamiz.
Bu yerda

(X
Wo(x)=—%(§j+ P.(x,0)-P,(x,0).
Bundan x bo’yicha xosila olib

4 / /
7'(X) =V (X) =y (X) (18)
ko‘rinishidagi munosabatga ega bo‘lamiz.
Endi D, sohada (12) tenglamaning (10) va Vy(X,O):v'(X) shartlarni

ganoatlantiruvchi yechimini Grin funksiyasi orqali yozamiz [3] :

V(X Y)= [ G001, & OV ()€~ [ (1,7.0m)e (7)dn+ [[ G (1, .£m)C (m)U E ey
0 0 D,

yoKki

G(x,y,é,n):%ln

ko‘rinishidagi Grin funksiyasini qo‘llasak

ZZ __5:2
22—4/2

. Z=X+1y, {=&+in

121



International Multidisciplinary Research in Academic Science (IMRAS)

Volume. 8, Issue 02, February (2025)

_17 X X _
V(xy)= 7['[|:X2+(y_77)2 e +(y+n)2}%(77)dn

jm(x+§)+y
27y |(x=&)P+Y?

formulaga ega bo‘lamiz. (19) da y=0 deb x bo'yicha xosila olamiz

.(x,0) __I{g - §+X "(£)dE+

2% n°—x
= Om% (n)dn+ng (%,0,&,17)C(&,mU (& md&dn.

V,(x,0)=7"(x) ekanligini hisobga olsak va (18) ga ko‘ra

(19)

£)dé+ j [G(xy.&m)CEnU (& mdédy

] e o zmoa Emazon=F (0
(20)
bu yerda
Fl(x)zﬁj%coz(ﬂ)dn_wé(x)_ o

”o(x +7 )

(20) tenglamaga ushbu

1% 1 1
Kf =f(x)+—|| ———|f (&)d
( )+7rﬂé—x §+X} (£)as
operatorni ta’sir ettirsak, unga ekvivalent bo‘lgan [5]
17vV($)
— =F (x
ﬁgf—x ,(X) (22)

tenglamani olamiz. Bunda

F(00) =5 KR,
F0)=FR(0-[[G,(x0.&mC(EmU(& n)dédn.
D,

(22) tenglamani X=0da birdan kichik maxsuslikka ega va X — woda chegaralangan
yechimi [6]

V(X) = J_ j\/_ - (98) (23)

ko‘rinishda ifodalanadi. F, (&) ning ifodasini go‘ysak
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V0= B ﬁ{ﬁ(@— [[ee.08meenn (én)dédn}dﬁ—

1
F G, (&,0, C U dédn |d& |d
zﬁﬂ [j(é =T, gj{ L(8)- jj (E.0,&m)C(Em) (577)577} 5] &

Endi (19) formuladan foydalanib (7) tenglamani (2) shart ostida yechamiz.

t
dr | —
[ t2+(y N )2}”2(’7) ’7}

+H G(t, Y, 5, n)CUdcfdﬂ Jdt + e ().
D,

Bu yerda matematik analizning xosmas integrallar to‘g‘risidagi teoremasiga asoslanib

integrallash tartibini o‘zgartiramiz va t bo‘yicha integrallaymiz.

PR e e T
ol P+(y-n) C(y+n) | 2 1 (y=m" | 27| (y+n)
I—jln‘(t+§) Iln‘( Y = (x+ &)ln[(x+£)" + y?| ~(x=&)In|(x-¢Y

+2y arctg —= X+o -2y arctg — 2§In(§ +y ) 4X+4¢.
y y
U holda quyidagi tenglamaga kelamiz.

U(xy)- [[KU(&n)dedn+ Ky (ERE=F,(xy). (4

Bunda
K(xy,&m)=C&m|G(ty.&mn)dt

K, (% ¥, &) = (x+&)In|(x+ &) + y?| - (x=&) In|(x - &)? +y2‘—4x+2yarctgi2(’g—

—2yarctgx;2§—2§ln E +y?|+4s,

o0

F(xy)=[K(xy.m)e (n)dn+a(y) .

0
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2 2 2 _ 2
K. (% y,) == I~ +(y+727) eIV ’27)
20 (y+n) | 2| (y-n)

oxirgi tenglamaga v'(x) ning (23) dagi ifodasini go‘yamiz.

U(xy)- jj K (%Y. &m)U (&n)dédn + | TKz(x,y,é)Kg(a,f.n)da U (&n)dédn =

V) [Ka (6 y,€) Ry (£)de

yoki

U (xy)-[[Ki(xy,&m)U (£m)dédn = F(x,Y) (25)

bunda

o0

Ky (6 ¥, &) =K (% Y. 6m)+ [ Ky (%, ¥,4) Ks (&, £m)dé

0

o (6 Y) = Fo (% )~ [ Ko (%, 1,€) Fy (€)d,

Ky (X&) = %Tex(éposn d;—jf éj& : 9gig}GX(cf,o,é,ry)olé,

0

J Has IIJ_ élf(: -& éie‘jﬁ(g)dg

O

(25) tenglama Fredgolm Il tur tenglamasi bo‘lib, yechimning mavjudligi yagonalik
teoremasidan kelib chigadi. Mavjudlik teoremasi shartlari bajarilganda U(X, y) funksiya

masalaning barcha shartlarini ganoatlantiradi.
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