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Abstract: This study presents a mathematical model to forecast the dynamics of 

population density uuu and water resources vvv in Uzbekistan from 2025 to 2030, based on 

historical data from 2010 to 2024. A system of nonlinear partial differential equations 

(PDEs) is employed to describe the interaction between population growth and water 

consumption. The model is solved numerically using an implicit finite difference scheme and 

the tridiagonal matrix algorithm (TMA) with an iterative approach, using real data-derived 

initial conditions and a Gaussian distribution for the spatial representation of population 

and water resources. By 2030, Uzbekistan’s average population density may reach 
290.4 /people km , while water resources decline to 3 2105,445 /m km under a baseline scenario, 

or 3 2108,681 /m km with a 0.5% reduction in depletion. The study recommends implementing 

water-saving technologies, such as drip irrigation, to ensure sustainable resource 

management in Uzbekistan. 

Keywords: Population density, water resources, Uzbekistan, nonlinear PDEs, 

tridiagonal matrix algorithm, numerical modeling. 

 

1. INTRODUCTION 

Uzbekistan, a Central Asian country with a rich historical heritage, faces significant 

challenges in balancing population growth and water resource availability. With a 

population of approximately 36 million in 2024 and a land area of 2447,400km , the country 

has experienced a steady increase in population density, from 262.4 /people km  in 2010 to 
282.0 /people km in 2024 [3]. Concurrently, water resources have declined from an 

estimated 3 2130,000 /m km in 2010 to 3 2112,000 /m km  in 2024 [4, 5]. These trends raise 

concerns about the sustainability of Uzbekistan’s development in the coming decades. 

This study aims to forecast the dynamics of population density and water resources in 

Uzbekistan for the period 2025--2030 using a mathematical modeling approach. We 

develop a system of nonlinear partial differential equations (PDEs) to capture the 

interaction between population growth and water resource consumption, building on prior 
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work in cross-diffusion and reaction-diffusion systems [6],[7],[8],[9],[10],[12]. The model is 

solved numerically using the implicit finite difference scheme and the tridiagonal matrix 

algorithm (TMA), with an iterative method to address the nonlinearity of the equations. 

The study provides two scenarios: a baseline scenario reflecting current trends and a water-

saving scenario with a reduced rate of water depletion. 

2. Mathematical Model 

The dynamics of population density   ,  ,   / ²u t x in people km and water resources 

  ,  ,   ³ / ²v t x in m km  are modeled using the following system of nonlinear PDEs: 
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       0, 0, 0, 0u x u x v x v x       (2) 

where: 

    ,    · · 1  ·f u v a u b v  represents population growth, limited by water availability; 

  ,    · ·g u v c u v   describes water consumption by the population; 

 d₁ and d₂ are diffusion coefficients for population and water resources, respectively; 

 a, b, and c are positive constants. 

The spatial domain is defined as  0,  x L , where   1400L   km, representing the 

east-west length of Uzbekistan. The time domain is  0,  t T , with 20T  years (2010-

2030). 

This formulation is inspired by prior studies on cross-diffusion systems with variable 

density and sources. 

3. Model Parameters and Initial Conditions 

3.1. Parameter Selection 

The model parameters are selected based on Uzbekistan’s real-world conditions: 

Diffusion coefficients 
1 0.05d   and 

2 0.1d  , reflecting the slower spatial spread of 

population compared to water resources, which are distributed more rapidly via rivers and 

irrigation systems. 

Population growth rate: 0,2a  , based on the historical population growth rate of 

1.5-2 % per year [3]. 

Water limitation factor: 0,001b  , indicating that a decrease of 3 21000 /m km  in water 

resources reduces population growth by 0,1\%. 

Water consumption rate: 0,0001c  , derived from the observed 1-2\% annual decline 

in water resources [5]. 



International Multidisciplinary Research in Academic Science (IMRAS) 
Volume. 8, Issue 04, April (2025) 

 

35 
 

Spatial and temporal steps: The spatial step is  14km , resulting in 100
L

N
h

   grid 

points. The time step is 0,05   years, ensuring numerical stability as 
2

1 2

980
2max( , )

h

d d
   . 

3.2. Initial Conditions 

The initial conditions for 2010   0t 
 are based on historical data: 

Population density: The average population density in 2010 was 
262.4 /people km . 

Water resources: The average water resources in 2010 were estimated at 
3 2130,000 /m km . 

A Gaussian function is employed to represent the spatial distribution of population 

and water resources, following the numerical modeling techniques described in [6]-[12]. 
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  The amplitude  62.4  ,  130,000  for u for v  corresponds to the average values in 

2010. 

  The mean 700 km  represents the central point of Uzbekistan’s 1400 km length, 

aligning with the concentration of population and water resources in central regions (e.g., 

Tashkent and the Fergana Valley). 

  The standard deviation 200   km ensures a realistic spread of the distribution, 

covering approximately 400-600 km around the center, consistent with Uzbekistan’s 

demographic and resource distribution patterns. 

 

The use of a Gaussian distribution is a standard approach in numerical modeling, as it 

provides a smooth and realistic representation of spatial heterogeneity [1-10]. This choice 

is particularly suitable for Uzbekistan, where population and water resources are 

concentrated in central regions and decrease toward the borders. 

3.3 Boundary Conditions 

Boundary conditions are set to zero at the edges of the domain: 

( ,0) ( ,1400) 0, ( ,0) ( ,1400) 0, [0, ],u t u t v t v t t T      (4) 

reflecting the assumption of negligible population and water resources at the eastern 

and western borders in a one-dimensional model. 

4. Numerical Method 

4.1 Discretization 

The PDE system is discretized using an implicit finite difference scheme: 
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where , 0,1, , , , ,  0,1 ,i jx ih i N and t j j M      . This discretization approach is 

consistent with numerical methods for cross-diffusion systems [9,10]. 

Due to the nonlinearity of the system, an iterative approach is employed at each time 

step. The discretized equations are rewritten as: 
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 The initial guess for each iteration is taken as the solution from the previous time 

step: 
1,0 1,0, .j j j j

i i i iu u v v    

This choice is based on the small time step 0,05  , ensuring that the solution 

changes gradually between time steps, making the previous solution a good initial 

approximation [1, 8]. The tridiagonal system is solved iteratively using the TMA until 

convergence is achieved, defined by the criterion: 
1, 1 1, 1, 1 1,max | | 0,001, max | | 0,001.j k j k j k j k

i i i i i iu u v v          (9) 

5. Results and Discussion 

5.1 Model Validation (2010-2024) 

The model is validated using historical data from 2010 to 2024: 
2 3 2

2 3 2

2010: 62.4 people/km , 130,000m / km

2024: 82.0people/km , 112,000m / km

u v

u v

  

    
The model’s predictions for intermediate years are: 

2 3 2

2 3 2

2 3 2

2015: 69.1 / , 123,500 /

2020 : 75.5 / , 117,000 /

2024 : 82.0 / , 112,000 /

u people km v m km

u people km v m km

u people km v m km

  

  

    
These results align closely with historical data, confirming the model’s accuracy. 

5.2. Forecast for 2025-2030 

The model provides forecasts for 2025-2030 under two scenarios: 

Baseline Scenario: 
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2 3 2

2 3 2

2 3 2

2 3 2

2 3 2

2025: 83.4 / , 110,880 /

2026 : 84.8 / , 109,771 /

2027 : 86.2 / , 108,673 /

2028: 87.6 / , 107,586 /

2029 : 89.0 / , 106,510 /

2030 : 90

u people km v m km

u people km v m km

u people km v m km

u people km v m km

u people km v m km

u

  

  

  

  

  

  2 3 2.4 / , 105,445 /people km v m km  
Water-Saving Scenario (0.5% reduction in water depletion rate 

 
2 3 22030: 90.4 / , 108,681 /u people km v m km    

5.3 Discussion 

The results indicate a steady increase in population density, reaching 290.4 /people km

by 2030, driven by the historical growth rate of 1.5-2% per year. Water resources are 

projected to decline to 3 2105,445 /m km under the baseline scenario, or 3 2108,681 /m km with 

a 0.5% reduction in depletion. However, water resources are projected to decline 

significantly, posing challenges for sustainable development. The water-saving scenario 

demonstrates that even a modest reduction in water depletion (0.5%) can improve water 

availability by 2030, highlighting the importance of conservation measures. These findings 

are consistent with qualitative properties of cross-diffusion systems with variable density, 

as discussed in [11,12]. 

6. Graphs 
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7. CONCLUSION AND RECOMMENDATIONS 

This study provides a numerical forecast of population density and water resources in 

Uzbekistan for 2025-2030, using a nonlinear PDE model solved via the tridiagonal matrix 

algorithm. The results underscore the need for proactive measures to ensure sustainable 

development. Key recommendations include: 

1. Implementing water-saving technologies, such as drip irrigation, which can reduce 

agricultural water use by 30-50 %. 

2. Strengthening regional cooperation on transboundary water management, 

particularly for the Amu Darya and Syr Darya rivers. 

3. Aligning population growth with infrastructure development, ensuring adequate 

water supply in new urban and rural areas. 

Future work should incorporate additional factors, such as climate change and 

migration, to enhance the model’s predictive accuracy, building on qualitative analyses of 

cross-diffusion systems [8, 11]. 
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