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Annotation: This article discusses methods for solving logarithmic inequalities by
reducing them to simple algebraic equations and inequalities. Relevant examples are
provided.
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Annotatsiya: Ushbu maqolada logarifmik tengsizliklarni yechishda sodda algebraik
tenglama va tengsizliklarga keltirib yechiladigan usullariga doir misollar keltirib o tilgan.

Kalit so‘zlar: Logarifmik tenglama, tengsizlik, belgilash kirish, sistemalarni yechish,
birinchi ko‘paytuvchi, Viyet teoremasi.

AHHOTauumA: B 0aHHOU cmamee paccmompeHbl MemoObl peweHUs n02apu@muyecKux
HepaseHCcM8, C800AUUXCA K MPOCMbIM as12ebpauvyeckumM ypasHeHUsM U HepaseHCMeam.
lMpusedeHbl coomsemcmeayroujue npUMepsl.

KnioueBble cnoBa: so02apugpmuyeckoe ypasHeHue, HepaseHCMB8O, 88edeHue
0603Ha4YeHull, peweHue cucmem, rnepssili MHOXUMesns, meopema Buema.

In the process of studying mathematics in greater depth and solving Olympiad-level
problems, school students frequently encounter logarithmic equations and inequalities. In
addition, solving various applied problems often leads to dealing with such types of
equations.

Generally, there exist established methods and algorithms for solving logarithmic
equations and inequalities. However, certain types can be transformed into simpler
algebraic equations and inequalities through elementary substitutions.

Furthermore, in some logarithmic inequalities, the variable may appear in the base of
the logarithm, and the expression may also involve trigonometric or even irrational
components. In such cases, solving the inequality using general methods often requires
additional conditions and justifications, which can make the solution process significantly
longer.

In this paper, we present several examples that demonstrate alternative approaches
to solving such problems with fewer constraints [1-4].
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1
Example 1. Solve the inequality Iog (X +—— 4) >1.
X+ X

1
Solution: It is known that for any X > 0, the inequality X +— > 2 holds. Therefore,
X

there is no need to require that the base of the given inequality be greater than one. In
turn, we can rewrite the given inequality as:

1 1 1 1

X +—=—42X+=or (X+=)" = (x+=)-620.
X X X

By applying Vieta’s Theorem to the latter inequality, we transform it into the

following form and solve it:

(x+Z-3)(x+24+2)>0.
X X

The value of the second factor in the resulting product is positive, since X+—>2,
X

meaning that the positivity of the product depends solely on the first factor:

1
X+ ——32>0, where x>0. We multiply both sides of this inequality by xxx and solve it:

X
X*—=3x+1>0, x>0 or (x—3+2\/§)( 3- \/_)>O Xx>0.
Thus, we obtain the solution 0 < X < 3_2\/5 X = 3+2\/§ .

Example 2. Solve the inequality
log, (sin4x+2) +log,5>2—log, sin4x.
2 2
Solution: For this inequality, it is sufficient that sin sindx>0 . We can rewrite the
inequality in the following form:

log, (sin4x+2) +log, sin4x >log, 1+ log, 5
2 2 24

or

log, ((sin4x+2)sin4x) > log

2
This leads to the inequality:

»lo

l\a\l—\

sin® 4x + 25in4x—E <0.
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In the resulting inequality, we introduce the substitution SindXx =t, which
transforms it into a simple quadratic inequality that we can solve:

4t° +8t—-5<0.
Thus, we obtain:

—§SISE or —§S8in4XSE,
2 2

meaning that
i 1
O<sin4dx < >

The solution is:

ks 7 kr 5r krx 7 ki

— X< —4+ = + <X 4=,
2 24 2 24 2 4 2

, . R omeny 1
Example 3. Solve the inequality |OgZsinx 1+2cos2x < E

Solution: The problem of solving the given inequality reduces to solving the following
systems:

: 1
SINX > —
A)

0</1+2c0S2X <+/2sin X

O<sinx<1
B)

J1+2c0s2x >+/2sinx
For case A:
o o 1 .2, 3 2 -
We obtain the inequalities SII’]X>§, SIn X<Z and 4sIN° X+ 2sSInX—3>0

, and we find their solutions:

+V13 sinx—@bo.

. 1 : 1
siInx>—, (SINX+—-
. X

From this, we have:

J13-1 J3
4

<sinx<7 or 2kn+arcsin@<x<2k7r+%, and the

4
J13-1
=

27 ]
solutions are 2Kz + ? < X< 2km+ 7 —arcsin

For case B:
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) 1 ) )
We obtain the inequalities O <SIN X < E’ 4SII’12 X+ 2SINX—3<0. From this,

we have:

\/ 1
O<smx<—, SinX < ——
2
meaning that:

0<sinx<%, 2k7z<X<2k7r+%,and 2k7z+%”<x<(2k+1)7z.

Example 4. Solve the inequality (log,,  2)° <log,, (4sin’x)+1.

<1 is valid. Therefore, it is

Solution: It is known that for the sine function,

sufficient to solve the inequality in the form of O<sinx<1. Now, we can rewrite the
inequality as:

(Iogsinx 2)2 - 2I0gsinx 2 _3 < 0 or (Iogsinx 2 _3)(|Ogsinx 2+1) < O
In the resulting inequality, considering that O <SIinX <1, |OgsmX 2<0, we
conclude that log,, . 2—3<0.

Since the first factor in the product is negative and the second factor is positive, we

have:10g,,, 2 > —1We solve the resulting inequality:

log,,,, 2> 109, (SiNX) ™ or (sinx) ™ >2, 0<sinx< %
Thus, the solutions are:

T SY/4
2K < X < 2k7z+€ and 2k7z+€ <X<((2k+1Drx.
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