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Abstract: This paper investigates an ill-posed initial-boundary value problem, in the
sense of Hadamard, for a system of mixed-type equations with two degenerate planes. An
appropriate correctness set is introduced for the considered problem, and sufficient
conditions ensuring the uniqueness of the solution within this set are established.
Furthermore, a conditional stability estimate for the solution is derived by means of
appropriate a priori estimates. The obtained results contribute to the theory of ill-posed
problems for systems of mixed-type equations with two degenerate planes and provide a
theoretical foundation for the further investigation of boundary value problems.
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AHHOTAUMA. B nHacmosweu pabome ucciredyemcs HeKOPPEKMHAs HAYANbHO-KPAeaas
3a0aua 6 cmvicie K. Aoamapa Ons cucmemvl YpagHeHUulli CMEUAHHO20 MUNA C 08YMs
NIOCKOCMAMU 8bIpOdCcOeHUs. [ paccmampugaemori 3a0ayu 66e0eH0 COOMBemcmayioujee
MHOIICECB0 KOPPEKMHOCMU U YCHMAHOBIEHbl 00CMAMOYHble YCI08Us, obecneyusaroujue
eOUHCMBEHHOCMb  peuleHus 8 dmom  MHodcecmge. Kpome mozco, ¢ nomowwio
COOMBEMCMBYIOWUX ANPUOPHBIX OYEHOK NOJVYeHAd YCIOBHASI OYEeHKA YCMOU4U8oCcmu
pewenus. Tlonyuennvie pe3yrbmamvl pazeuearom meopuro HeKOPPeKMHuIX 3a0ad 0/
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cucmem ypasHeHUuli CMeulaHHo20 muna ¢ 08yMs NIOCKOCHAMU BbIPOACOCHUsS. U CO30aI0m

meopemuyeckyro 0CHOBY 011 OAIbHeUUe20 UCCIe008aHUsL KPAegblx 3a0ady.

KarueBbie caoBa: Cucmema ypagHeHuil CMEWAHHO20 Mund, 06e NiIOCKOCmU
BbIPONCOCHUS, HEKOPPEKMHASL HAYANbHO-KPAe8ds 3a0aud, MHONCeCm80 KOppeKmHOCMU,
eOUHCMBEHHOCMb PeuletUsl, YCI08HASA YCMOUYUBOCb, ANPUOPHbBLE OYEeHKU, Kpaesds 3a0aud.

INTRODUCTION

Mixed-type differential equations and their systems play an important role in modeling
numerous applied problems arising in mathematical physics, gas dynamics, elasticity
theory, heat transfer, filtration processes, and continuum mechanics. The study of the
correctness, existence, uniqueness, and stability of solutions to initial-boundary value
problems for such equations remains one of the most important research directions in the
modern theory of partial differential equations.

The presence of degeneracy points or degeneracy planes in mixed-type equations
significantly complicates their analysis. In particular, the vanishing of the equation
coefficients on the degeneracy planes or the change in the equation type has a substantial
influence on the qualitative properties of the solution. Therefore, establishing the existence
of classical solutions, as well as investigating their uniqueness and stability, is of
considerable theoretical importance.

According to Hadamard's definition, a problem is said to be ill-posed if at least one of
the following conditions fails to hold: the existence of a solution, its uniqueness, or its
continuous dependence on the given data. Significant contributions to the development of
the theory of ill-posed problems have been made by A.N. Tikhonov[1], M.M. Lavrentiev[2],
V.K. Ivanov[3], A.l. Kozhanov[4], S.G. Pyatkov[5],[6], S.A. Tersenov[7], K.S. Fayazov[8],
A.A. Kerefov[9], I.E. Egorov[10], I.O. Khajiyev[11], Y.K. Khudayberganov[12] and many
other researchers. In recent years, numerous results have been obtained concerning ill-posed
initial-boundary value problems for parabolic and mixed-type equations with degeneracies.
However, the study of such problems for systems of mixed-type equations with two
degenerate planes has not yet been sufficiently developed.

In this paper, an ill-posed initial-boundary value problem, in the sense of Hadamard, is
investigated for a system of mixed-type equations with two degenerate planes. An
appropriate correctness set is introduced for the considered problem, and sufficient
conditions ensuring the uniqueness of the solution within this set are established.
Furthermore, conditional stability of the solution is derived by means of appropriate a priori
estimates. The obtained results contribute to the theory of ill-posed problems for systems of
mixed-type equations with two degenerate planes and provide a theoretical foundation for
further investigations of this class of boundary value problems.

Given the domain Q =, xQ, we consider the system of equations:

{um +sgn(X)u,,, + Sgn(y)ulyy +au, +bu, =0,

(1)

U, +Sgn(x)u,,, + sgn(y)u2yy +a,u, + bu, =0,
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where Q, ={(xY)(-11)x(-L1),x =0,y 0}, Q=(0<t<T,T <o),
a,,a,,b,b, — real numbers, b, =0, (a, —a,)" +4bb, >0.

Problem statement. We consider the problem of finding a pair of functions
(U, (%, y,t), u,(x,y,t)) satisfying the system of equations (1) in the domain Qand the

following:
initial
o'u,(x, y,t
SOID —pxy oy e[x[1)
i t=0 (2)
GCIUA)) uzgt‘; YOIy xy), () e[-L1]x[-L1],i=01
boundary :
u;(x,y,t) -1 =0, (y,t) e[-11]xQ,
- 3)
u; (%, y,t)|,_; =0, (x,t) e[-L1]xQ, j=1,2
y=+1
and gluing
T RN
X x=—0 aX x=+0
d'u. (X yt)_ o'u. (X, y,1) @
Zm ey 2Ty 1) e [-1:1]x O,
N || e

conditions, where (j :1_2)(| = 0_1) @.(X,Y), w;(X,y) are given sufficiently smooth
functions, furthermore, ¢ (X, y)|aQ =0,y (X, y)|aQ =0.
In solving the problem (1)-(4) we perform the following substitution

a - K Vl(X, y’t)_b a—K

bz(Kl_Kz) 2(K1_K2)

U, (X1 y’t) = (Vl(X, y,t) _Vz(X’ y’t))l

u,(x,y,t) = V,(X, Y1),

()

1 KZ
where k;,k, are the roots of this quadratic equation
K2 —(a,+a,)x+aa,—hbb,=0.
As a result, in finding the solution of the problem under consideration, with respect to
the functions v,(X, y,t) and v,(x,y,t) we have the following:

Problem 1. The following
Vig + sgn(x)lex + Sgn(y)vlyy T KV, = 0,

(6)

equation in the domain Q as follows:
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initial
% =@(x,y), (xy)e[-L1]x[-11],i=01 7)
boundary _
V(Y01 =0, (v.0) e [11]x Q,
‘ (8)
v, (%, ¥, 0], =0, (x,t) e [-11]xQ,
y=+1
and gluing
(% YD) =0, (y.1) € [-L1]xQ,
B (9)

=0, (xt) e[-L1xQ,

y=+1
conditions, where @. (X,y) =b,p. (X, y) + (x; —a)w; (X, y), 1=0,1.
Problem 2. The following

V&()(,y}t)

V,, +SGN(X)V,,, + s.gn(y)v2yy + KV, =0, (10)
equation in the domain Q as follows:
W =7,(xy), (xy)e[-L1]x[-L1],i=01 (11)
t=0
initial,
v, (% Y,0[.1 =0, (y,t) e[-11]xQ,
X=+1 (12)
V(% Y, D), =0, (x,t) e[-11]xQ,
y=+1
boundary,
M _ M (V.0 e[-1:1]x O,
aX x=——0 aX x=+0
(13)

oV, (x,y,0)| 'V, (% Y,t)
S
and satisfying the gluing conditions, leads to the problem of finding the functions
Vi (X, y,t) va v, (X, y,t) where w7, (X, y) = b, (X, y) + (k, — 3w (X, y), i =0,1.
Spectral problem
Find the values of the parameter A for which the following:

sAN(X)F (X, y) +5gn(y) I, (X, ¥) + A8(x, y) =0, (X, ¥) €€,  (14)

(x,t) e[-1;1]xQ,i=0,1
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Lg(X, y) Xf_i =0, ye [_1’1]1 '9(X1 y) yf_% =0, xe [_111]’

IIxy)| 08 gy (15)
aXI x=—0 aXI x=+0

Iy @IV g (i=01)
ayl y=-0 8yl y=+0 | o -

problem has a non-trivial solution.

We use the Fourier method to solve the problem (14), (15). That s,
J(X,y) = X(x)-Y(y). (16)

Using (16), we obtain the following conditions:

X(=D)=X(+1=0,

X (~0) = X (+0), (17)
X'(=0) = X'(+0),

Y(=1) =Y (+1) =0,

Y (=0) =Y (+0),

Y'(~0) =Y'(+0).

18
Cal(cul)ating the second-order derivatives of (16):
o (X, y) = X"(x)- Y (y),
9 (%, Y) = X(X)-Y'(y), 8, (%, y) = X(X)-Y (y).
Substituting into equation (14), we obtain the following:
sgn(x)X"(x) , sgn(y)Y"(y) __,
X(x) Y(y)

equality. Since the expression sgn(x) X "(x)
X(x)

in the equality above does not depend on

n Y"
Yy, and the expression w does not depend on X, we have the following:

Y(y)
sgn()X"(x) _,  sgn(y)Y"(y) _ _
Xw Yy
equalities.
From this, for X (X) and Y (y) we have the following equations:
sgn(x) X "(x) = =4, X (x), (19)
sgn(y)Y"(y) = =AY (¥). (20)

We consider equations (19) and (20) with conditions (17) and (18), respectively:
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sgn(x) X"(x) = =4 X (x),
X (=1) = X (+1) =0,

X (-0) = X (+0),
X'(-0) = X'(+0),
(21)
sgn(Y)Y"(y) =—=4Y (y),
Y _ = =
(-)=Y(+1)=0, -
Y (-0) =Y (+0),
Y'(-0) =Y'(+0).
The solutions to the problems (21) and (22)
if ,>0,1,>0,
sin u, (x—1)/ cos ,0<x<],
XIEl)(X): lle( ) lle kEN,
shu, (X+1)/chy, ,—1<x<0,
sin -1)/coso,,0<y<],
YO (y) = o (y-1) o y leN,
sho,(y+1)/cho,,-1<y <0,
if 4, <0,4, <0,
shu, (x—=1)/chu, ,0<x<1,
xéz)(x): -/Uk( )/ chy KeN,
sin g, (x+1)/cos g, —1<x<0,

sho,(y—-1)/cho, ,0<y <1,

: leN
sino,(y+1)/coso, ,—1<y<0,

YI(Z)(y) :{

where A, =u >0, A, =—u <0, 1, =07 >0, A, =—c; <0 are in the following
form.
In both cases, i, ,0, are the positive roots of the following tga =—-tha the

transcendental equation.
Thus, the eigenvalues of the spectral problem (14), (15) are

B+ ol =hs =00 =AY, i+ ol =48, — i —of = 47
in the form, and the corresponding eigenfunctions are
o () = X)) -, (y),
P06 Y) = XP 00,2 (y),
(%, y) = X2 ()Y, 2 (y),
IV Y) = X2 () -¥,2(y), kleN,
in the form.

142



International Multidisciplinary Research in Academic Science (IMRAS)
Volume. 9, Issue 05, May (2026)
According to the result of this [14] work, the eigenvalues of the spectral problem (14),

(15) {ﬂk(?')}f,m’{_/1'512')};:1’{ﬂk(i)}fJ:l’{_ﬂk(j)};:l form an increasing sequence and the

eigenfunctions are {Qk(’{)(x, y)}:]:l, ( j =1_4) :

11
Let ||u||2 = (u,u), where (u,0) = j _[uz)dxdy, furthermore,
1

(san()sgn(y) P (x, ), 99 (x,¥))=0,p =, (p.d=14),Vk,Li, ],

) ) _ Lk=inl=], B
(san()san(y) P (x, ), 9 (x, y))—{o’ einlej M=14)
(sgn(x)sgn(y)sé?(x,y),af",-“)(x,y)):{gl’kk:.iA':,j (m=2.3),

NEIPNEN

where k, 1,1, j € N.
The norm defined by the following formula:

Jucx .0 =33 [(san0dsan(ypucx,v.0. 8 x ) +

k=1 I=1

+ (sansan(y)ucx, .0, 82 () f + @)

+‘(Sgn(x)sgn(y)u(x, y,1), 99 (x, y))‘z N

(4) ?
+|(san()sgn(y)u(x, y,t), 9 (x, ) |,
is equivalent to the initial norm in the space H,.
According to the results of theorem 2.1 in [16] and theorem 4.1 in [15], the
eigenfunctions {19k(,j,)(x,y)},(j:1,_4) of the spectral problem (14), (15) constitute a
normalized Riesz basis in L,((~11) x (-11))

A priori estimate
By the generalized solution of the problem (6)-(9), we understand a function Vv,(X, Y,t)

such  that v, (X, ¥, 1),V (X, y,t) e C(L,(-1,1)>,0) and for any function
V(x,y,t) eW,?((-11),(-11),(0;T)), the following equality is satisfied:
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v, (X, Y, 1) (sgn(x)sgn(y)V, (X, ¥, 1) + sgn(y)V,, (X, y,t) +

o'—,—i

[

l—\'—"_'

+sgn(x)V,, (X, y,t) +sgn(x)sgn(y)V (x, y,t))dxdydt =

+I I sgn(x)sgn(y)V (x,y,0)@,(x, y)dxdy +

-1-1

~ [ [ san(x)sgn(y)V, (x. .00, (x, y)dxdy,

-1-1

aiV(x,_ v, 1)

where  the  conditions =0,i=0,LV(-14y,t)=V({Qy,t)=0,

t=T

V(x,—1t) =V (x,1,t) =0 are fulfilled.
Let M = {u Hu(x,y, z,T)||0 <m,m< oo}.
Lemma 1. [17] Suppose the function v(t) satisfies the equation v"(t) —7v(t) =0 and

the conditions v(0) = p,,v'(0) = p,. Then, for the function v(t) and t € Q, the following
estimate holds:

vi(t) < e (v (0)+|a|) (v (T)+|a|) —|a|,

where 7 is an arbitrary number, and « = %(UVZ(O) —V’ (O)).

Lemma 2. Suppose the function v,(x,Yy,t) satisfies equation (6) and conditions (7)-

(9). Then for any t€Q the following estimate holds for the solution to the problem (6)-(9):

t

2 24(T-t) 2 1_% 2 T
ey <4659 oy O + ) 7 (e v T+~ (20

1/, _
where o, =— (|3} +]]; )

Proof. If the solution to the problem (6)-(9) exists and Vl(X, y,t) e M, then we can
write the solution in the following form:

v =D (W 082 (6, y) +v 09D (x,y) +
k=1 11 (25)

+ Vl(lf)l (t)‘9|<(,3|) (X,y)+ Vl(lf,)l (t)Sk(j)(X, y))
where {Sk“,)(x y)} ( 14) are the eigenfunctions of the (14)-(15) spectral

problem. The functions are defined as follows:
Vi (£) = (sgn()sgn(y)v; (x, ¥, 1), 95 (x, ¥)), (i =1.4),
Vi) (£) = =(sgn(x)sgn(y)v,(x, y,1), P (x, ), (i = 2.3),

144



International Multidisciplinary Research in Academic Science (IMRAS)

Volume. 9, Issue 05, May (2026)
@ = (sgn(x)sgn(y)e (X, ¥), 92 (. y)), (i =1,4),
2L =~(san()sgn(y)e, (x Y, 57 (% ¥)), (i=2.3), (i=0.1)
Let V(% y.) =, (xYy), (i=14), and let o, (T)=0, «,(T)=0,
@, (1) €W, (Q). In this case, we have:
Hisgn xsgn yv, (x, y,t) (@f, (P (x, y) —

—o®)APID (%, y) + 1,0(t) 9P (%, y) ) dxdydt = (26)

0, ) [ [ san(sgn() I (x, y)e, (x, y)dxdly -

-1-1
11
— @}, 0) ] [ san()san(y) 5P (x, y) @ (x, y)dxdly.
-1-1
According to the equality (26), it follows that:

T

J‘Vl(kj)l (t)(a)lf,l (t) _(ﬂk(,jl) - Kl)a)k,l (t))dt = (O)¢1(I<J)I -, (O)(Pc()l?l , k,leN.
0
where

Vi) (£) = (sgn(x)sgn(y)V (x, ¥, 1), P (%, ), (] =1.4),
v (8) ==(sgn()sgn(y)v, (x, y,1), 9P (x. ), (j =2.3),
@i = (san(x)sgn(y)@, (x, y), 47 (. y)), (] =1.4),
a1 =~(sgn(9sgn(y), (x y), 8 (x, ), (i=2.3), (1=01)
As a result, for v{J) (t), ( j :1_4) we arrive at the following problems:
VA O) =(A7 -k )L O,

ot'
The solution to the problem (27) takes the form
aien AT —we BENAT L o s0,(j-T

JAd — K

Vid (0 =1 2t + @5 A =1 =0,(J=2.3),

— (1) o (0
. : o sin —rlt _
(Zéd?lcos1/‘ﬂl((’1|)—l('l‘t+ il _‘lk’l 1‘ A — Kk, <0,(j=2,4), k1 eN.
V'k(,JI)_Kl‘

=(i) i i @7
=@, 1=01 j=1234, kleN.

t=0

(28)
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From the equalities (25) and (28) we obtain the following equality:

v (x,y. B = ii(\vﬁh Of +[42 @ + M2 of + M2 of ) (29)
k=1 I=1
We introduce the following norm:
H%(X’Y)le:ZZ(&ED(CD&%) V'k(,zl)‘(gp(gi)l) V’k(ﬁ)‘((o(gi)l) ‘/’Lk(ﬁ)‘(@éﬁ)l) )
k=1 I=1

From the result of Lemma 1, for the solution of the problem (27), the following
inequality holds for

t
: 2 _ . T .
(R0 <6 () | T (v + et -
—alk”l teQ, ( :_4)
(30)
. . 2\ (. —
where o) ——(((ﬂk‘,‘.) ~x,)) (Y2 @) - (v, ) ) (i=14) (31)
We can write the equality (31) in the following form:
. . 2 ; 2 ; 2 .
afh <2 (B O) + el @) + () ), (1 =13
By summing the inequalities (30) for all k,I,neN and applying the Holder
inequality, we arrive at the following result:

>3 (4 0) + (5 0) (40 + (450) )

1=1

3462‘“(22((%‘?.(0)) + (2 ©) + (@) + (4 O) )+

1

t

o0 o0 T
e (0l a4 ol + aw)] y

k=1 I=1

(ZZ((V” M) +(v& M) + (V&M + (v (T))2)+

t

Z(alﬁll) + alle) + aks]) + a(4) )] —

=1

+

=~

gt

1

@) (2) (3) (4)
_ZZ(O‘M T T Oy T O )

k=1 1=1
this leads to the following simplified inequality:

1t :
v (, y,t)HE <40 (Hvl(x, y,O)Hs + al) T (Hvl(X, y,T)Hz + al)T -,
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-2 — 12 (=12
where o, = 5(\\%”1 + i, + H%Ho)'
With this derivation, the proof of Lemma 2 is completed.

Uniqueness and Conditional Stability
Theorem 1. Suppose that the problem (1)—(4) has solutionsu, (X, y,t),u,(X,y,t) e M .

Then, for the solution of the problem (1)—(4), for any t € Q, the following inequalities hold:

Ju (x, . O <

L

2
2(%} [462“””(2@2 o O I + 20 =) oo (%, W + e ) T
2

(i — K,

t
><(2b22 lu %,y T +20x; —ay)? Ju, (%, v, T + al)T — alJ +

b

2
+2(%] £4ezt(Tt) (szz ||¢0(X, y)Hé +2(x, _31)2”‘//0()(, y)Hé +a2) T,
2

(K, — K,
t
(202 Juy Oy T 206, =) u, (6, v, T + e, | —az],

Ju, (%, y. 1)} <

L

2
1
2( j (4&“-“ (202 o0 Y[} + 20~ ) o (x s + ) T

K=K,

t
(202 0y T + 20—, Juy (v T + e )T =+
[
46779 (205 g, 06 ) + 200, )y (Y + ) T

t
(202,00, T + 200, -2 sk Y T et ) ‘“ZJ
where

1i— 2 2 =12
oy =5 (17l + sl +121;)

1— 2 2 =2
@ =5 (7l +ll7oll + 17l )

Proof. By Lemma 2, for the solutions of the problems (6)—(9) and (10)-(13), the
following inequalities hold:

1t u
(v, 0l < 4670wy v, 0 + ) T (M v, T+ ) et
t

2 2t(T-t 2 1_% 2 T
oy 0 <467 (v (6, v, 0 + | T (Va6 v D+ )T~ (32)

where
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10— _ _ 1/ _ _ _
% :E(”%“lz +lw I, +||q01||§) @ :§(||Wo||12 +re 7] +||‘//1||c2))
Using (5), we obtain:
v, (X, y,t) =bu (X, y,t) + (x, —a)u, (X, y,t),
VZ(Xv y!t) = bzul(X, y!t) + (Kz - al)uz(X1 y’t)"
4 —kK 4 —K
b, (x,— &, ) b, (x,— ;)

L (M v a0, )

(33)

Ju. (v 0, < v, (v, B + [v. (% y. 0],

(34)

K=K,

Juz(x, y. 0], <

Based on inequalities (24), (32), (33), and (34), we obtain the following estimates for
the norms of the functions u,(x, y,t)and u,(X, y,t):

Ju, (x, y 1) <

— 2 l_i
[ty [ ot -2 e bt v
L
(205 y T + 200 -2y T e ) a] (35)

l—t

2
+2[%] [4e2t(T_t) (2b22 ||(/)0(X, y)”i +2(x, —31)2 ”l//O(X, y)”i +a2) T x
)

(K'l - K,
t
x@@ng%nﬁ+a@_qngx%nﬁ+%y—aJ,

Ju, (%, y. 1)} <

1_’[

2
1 —
2( j (4@“-” (202l (6 Y[, + 20~ ) Jyro (x Y + ) T

K=K,

t
><(2b22 lu, (, y,T)||§ +2(1 —a,)? Ju, (x, y,T)||§ +ay )T —a, + (36)
[
4679 (202 o, (x, [ + 20, &) [wo (6 V) + ;) T x

t
(202,00 T + 200, — )y (v T + ! ‘“Zj

This completes the proof of Theorem 1.

Theorem 2. If a solution to the problem (1)—(4) exists and(ul(x, y,t),u, (X, y,t)) eM
, then the solution to the problem (1)—(4) is unique.

Proof. ~Assume that the pair of functions (U, (X Y.t), Uy (X, Y,t)),

(Uy, (X, Y,t),U,, (X, Y,t)) are solutions to the problem (1)—(4). We introduce the following

148



International Multidisciplinary Research in Academic Science (IMRAS)
Volume. 9, Issue 05, May (2026)

notation: U, (X, y,t)=u,, (X, y,t)—u,,(X,y,t) and U, (X, y,t)=u,, (X, y,t) —u,, (X, y,t)
. Then, the pair of functions (U, (X, y,t), U, (x,y,t)) satisfies the equation:
Uy, +sgn(x)U,,, +sgn(y)U,,, + aU, +HU, =0,
{Uzn +sgn(x)U, . + sgn(y)U2yy +a,U,+b,U, =0,

(37)

and the initial conditions:

aiUl(X’ y’t)
ot'

YY1 _g (x,y)e[-21],i=0,1
ot' o

as well as the boundary conditions:

U;(xy, 0|,y =0, (y,1) e[-11]xQ,

X=+1

=0, (x,y) e [—1;1]2 ,
=0 (38)

(39)

=0, (x,) e[-L1]xQ, j=1,2

y=+1

U; (X y,t)

Applying the inequalities (34) and (35) to the solution of the problem (37)—(39), we
obtain:
. (x,y.t)| <0,

U, (x,y,t)|<0

It follows that:

JU.(x.y.0)] =0,

U, (x,y,t)|=0.

This demonstrates that Uy, (X, Y, t)=u,,(X,y,t), U, (X,y,t) =U,,(X,y,t) for
v(x, y,t) € Q). This completes the proof of Theorem 2.

Assume that the pair of functions (ul(x, y,t), u, (X, y,t)) is the solution to the
problem (1)—(4) with exact data, while the pair of functions (ulg(x, y,t),u,, (X, y,t)) is the
solution to the problem (1)—(4) with approximate data.

Theorem 3. Suppose that (u,(x, y,t),u,(x,y,t))e M, (ulg(x, y.t),U,, (X, y,t)) eM

and o (%, y)— @, (X Y)|, <& |l (% y) —wi,. (X, y)|, <& i=01. Then, for the
functions U, (X, y,t), U,,(X,Y,t), the following estimates hold for t €(0;T)
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2
| Ulg (X7 y’ t)”o S
t

2
o o [ et et el (o )
2

(1, -,

t
x(8b22m2 +8(x, — ) m? + (2+[sc ) & o + s —a1|2))T ~(2:+]x) & (Ibf + s —a1|2)j+

) _t
+2£%] [482t(T—t) (8b2232+8(1c2—a1)252+(2+|’<z|)‘92(|b|2 +|K2_31|2))1 T %
7

(1, -,
x(8b22m2 +8(x, —a,)’m’ +(z+|K2|)gZ(|b|2 +x, _a1|2))? —(2+|1<2|)52(|b|2 +x, —a1|2)],

U, (%, ) <

t

2
2( L j {4e2t”‘)(2b§gz v 2~ ) et + (24 ) (o + s —aif')) T x

K=K,

x(8b22m2 +8(k, —a,)*m? +(2+ i) 7 (|b|2 |, _a1|2))? —(2+]x) & (|b|2 +|x, —a1|2)+

4e?(™ (szzgz +2(k, —a,)° " + (2 +|K2|)6‘2 (|b|2 + |K'2 - a1|2 ))lT X

x(8b22m2 +8(k, —2,)’m? +(2++ x| & (|b|2 +|x, _a1|2))? —(2+]x,) &7 (|b|2 + |, - a1|2)j

Proof. We introduce the following notation: U, (X, y.t)=u,(X,y,t)-u,(xy.t),
U, (X Y.t)=U,(X,Y,t)=U,, (X,Y,t). Then, for the pair of functions (U, (x,y.t),U,,(xy,1)), we
have the following system of equations:
{Ulgtt +8gN(X)U,,, + Sgn(y)ulgyy +aUy, +bU,, =0, (40)
U, +Sgn0OU ., +sgn(y)U 2oy T a,U,, +bU,, =0,

and the initial conditions take the form:

iU » Y — —
L)i(yt) =, (X,y)— %(X’ Y),
ou . t .
% =7,(X,y) -7, (X y),i=0,1.

According to the conditions of the theorem, considering the problem (40), (41) where
lo 6 Y) = o Y|, <& i (6 y) —w (Y|, <&, 1=01  (u(xy.t),u(xy.t))eM,
(ulg (X, y,t),u,, (X, y,t)) e M , we perform the following estimations:

H(E. (X, ¥) -, (X Y)HO < ‘b‘H(Di (X1 y) 2 (X’ y)Ho + ‘Kl - al‘”'//i (X’ y) —Vi. (X’ Y)HO <

< 5(‘b‘ +|r; — al‘),i =0,1,
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76 ¥) =7, (x V], <[bljex (% ¥) =@, (% y)“o +iey = ayfw (% y) =i (% y)”o =
<é&(fo|+|x, —a,)).i=0.1,
a < (2w )& (b + [, ~af" ).
@, <(2+[ic)e* (b +]ic, &),
UL (xy, T, <
lu, (%, y, T) —u,, (X, y,T)|§ < 2(||u1(x, y,T)||§ +
U2 (% y. T, <
Jua (6 ¥, T) =, O,y [ <2(Juy (6 v, T +

Using the aforementioned estimates and the result of Theorem 1, we obtain the
following estimates:

ulg(x,y,T)||§)s4m2,

uzg(x,y,T)||§)£4m2,

U, (x, y.0); <

, _t
2( a -k, ] [492‘(T‘t)(2b2282+2(K1—81)252 +(2+|K‘1|)82 (|b|2+|K1—a1|2))1 T

b, (Kl — K

(Bo2m? +80x, — &) m*+ (2+ i) &2 (Bf + i~ auf' )| = (2 i) &2 (Bf +[s —a1|2)]+

2
+2[%J [482t(T—t) (8b2252+8(/<2—a1)252+(2+|’<z|)52(|b|2 +|K‘2_a1|2))1TX
P

(1, — %,
x(8b22m2 +8(x, —a,)’m? +(2+|K2|)52(|b|2 +x, _a1|2))? —(2+|K2|)52(|b|2 +x, —a1|2)],
U, (%, y. 1), <

, _t
2( 1 ] [492t(T—t) (2b2252 +2(x,—a,)% &’ +(2+|K1|)<92 (|b|2 +|K1_a1|2>)1 " x

K=K,

(802m? +80x, — &) m*+ (2+ i) &2 (Bf + s ~af* )| = (2 i) o2 (of +]sc,~ &)+

4”7 (szzgz +2(k, — )" 8% + (24|, ) £ (|b|2 +]ie, — &y ))1T X

x(8b22m2 +8(k, )M’ + (24 i) &7 (|bf° + |, -a1|2))? ~(2-+ iy &2 (b +]x - a1|2)]

Theorem 3 is proved.
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