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Abstract: In this article, a series of problems related to the creation and application of
quadrature and cubature formulas, including: finding errors of quadrature and cubature
formulas in the Gilbert phases of differential functions; calculating error functionals of
found extremal functions using extremal functions; finding the conditions for the existence
and uniqueness of optimal quadrature and cubature formulas; developing new algorithms
for constructing discrete operators based on optimal quadrature formulas, as well as
determining the optimal coefficient adjustments, are discussed.
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INTRODUCTION
In the context of numerous scientific and practical studies conducted globally,
solutions to problems arising are presented in terms of integral and differential equations.
They are primarily solved using cubature and interpolation formulas. The algebraic and
variational approaches to constructing such formulas exist, with initial algebraic formulas
including Newton-Cotes, Gauss-type quadrature formulas, as well as Lagrange and Newton
interpolation polynomials. The theory of variational approaches to creating such formulas
is based on the work of American and Russian scientists. Developing new algorithms for
constructing optimal formulas and interpolation splines based on algebraic and variational
approaches, as well as evaluating their errors, is an essential task in mathematical analysis.
In the years of independence in our country, attention has been paid to practical
applications, especially emphasizing the theory of cubature formulas in mathematical
analysis with a high degree of algebraic precision. Special attention has been given to
creating Gauss-type cubature formulas based on the theory of invariants and orthogonal
polynomials relative to the group of reflections of a regular simplex, which has led to
significant results. Optimal cubature formulas for continuous and non-continuous
functions with one or more variables in Sobolev spaces have been developed, achieving
remarkable results.
THE MAIN PART
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At present, mathematical models with high precision for natural processes,
formulated as differential and integral equations, as well as their systems, are gaining
significant importance. The development of optimal quadrature and cubature formulas, as
well as interpolation splines, in the Gilbert phases of differential functions for approximate
solutions of these models is crucial. Purposeful scientific research, particularly in the
following directions, is considered one of the important tasks: creating asymptotic optimal
cubature formulas for various Gilbert and Banach phases of continuous and non-
continuous functions; developing cubature formulas based on Monte Carlo methods;
constructing optimal quadrature and cubature formulas and evaluating their errors; and
creating splines that minimize specific functionals. The scientific research conducted in the
aforementioned directions within the scope of the stated scientific investigations
elucidates the relevance of the topic of this dissertation.

OPTIMUM QUADRATURE FOR APPROXIMATE CALCULATION OF FOURIER
INTEGRALS FORMULAS
d* d®

—— —2—— +1 The discrete analogue of the operator.

dx* dx®

The structure of differential operators discretized with discrete analogs of optimal
quadrature and interpolation formulas depends on various Gilbert phases,the analytical

algorithm for finding coefficients in the L(Zm)phases of optimal cubature formulas is
presented in the work [9,10]. S.L. Sobolev determined the discrete analogue of the A™
polyharmonic operator Dém)[ﬂ] and studied the constructed discrete analog

parameters.The discrete operator Dr(“”j)[ﬂ] is quite complex to construct for n-dimensional

2m
cases, and this problem is still open. For a one-dimensional case o the discrete
X
analogue of the differential operator Dr(]m)[hﬂ] was constructed by Z. J. Jamolov and X. M.
Shadimetov.
d* d?

F — ZF +1 In this place, we engage in constructing the discrete analogue of the
X X

operator. Let's examine the following equation.
D(hp)*G(hg)=5(hp), (1.1)
In this place, G(hf3)- corresponds to the discrete argument function that is suitable

for the following function

G(x):San(xe +e* e -e ]

4 2 2

(1.2)
In this place, 0(hf3) is the discrete delta function.
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The search for a function D(h8) satisfying equation (1.1) with a discrete argument is
necessary.
CERTAIN FORMULAS
Here, we mainly rely on discrete argument functions and their operations [1,2].
Now, let's illustrate several known formulas used in constructing the discrete
analogue of the differential operator (for example, see [1]).
For continuous functions, direct and inverse Fourier transformations are correct.

Flol= [ p(0e*™dx,F[p]= [ p(p)e " dp,

(2.3)
Distinctive properties of Fourier transformations.

Flo*v]=Fl¢] Flv],

(1.4)
Fle-v]=Flo]*Fly],
(1.5)
F[s®(x)] = (-27ip)?, F[6(X)] =1.
(1.6)

o function properties,

5(hx) =h™5(x)

(1.7)
o(x—a)- f(x)=o(x—-2a)- f(a),
(1.8)
SO * £ () = FO(x),
(1.9)
By (X) = i S(x—B) = i p27ixp
fi=oo Pt
(1.10)

We now use the solution of the system (1.22)-(1.24) with the assumption that 6<0
and 8>N. Let Cb, =0 be defined as . Then, utilizing the definitions, we can express the

system (1.22)-(1.24) in the following form in a compact manner.
C,*G(hB)+de” +d,e™ = f(hp), f=01..N,
(1.11)

N
D Ce¥=-1,
B=0

(1.12)
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N
2.Ce=(l-e),
=0

(1.13)

In this place , f(h,B)j'G(X—hﬁ)dX:

= %[8 +(1+eN)(hp)e” —1+e)(hpe ™ —(2+3eM)e"” —(2+e)e™].

(1.14)
Now we solve the problem equivalent to the following problem 2.
Problem 1. Given f(h/f), find constants for C/),,,B:O,l,..., N and d,,d, to satisfy

the system (1.11)-(1.13) .Afterwards, we express Cﬁ in terms of the following functions
v(hB) and u(hp).
v(hB)=C,*G(hp),
(1.15)
u(hB) =v(hp) +de" +d,e™
(1.16)
In this case, we express the coefficients C, through the function u(hf). For this

purpose, we utilize the discrete argument function D(h8) satisfying the (1.1) equation,
namely, using Theorems 4 and 5. Consequently, by considering equation (1.16) and taking
into account Theorems 4 and 5, we obtain the following expression:

C, =D(hp)*u(hp)
(1.17)
In this way, finding the function U(hf), the optimal coefficients for C, can be

obtained from equation (1.17). To compute the derivative in equation (1.17), it is required
to have all values of the function u(hf) for every integer # Based on equation (1.11),

where =0,1,...,N,we need the values of u(hg)= f(hg)for all integers in this range.
Now, for f<0and > N, the form of the function u(hf)is needed. Given that C,=0

for f<0and 8> N, the expression of U(hf)should accommodate these conditions.

C,= D(hp)*u(hp)=0,hp [0,1]
Let's assume, for instance, that < O0In this case, we can use equations (1.11) and

the form of the function G(X) as follows.

(1) =G () *C, = 3 C,B(hA - =3.C Blhp —hy)=

(hg —hy) -

i Sgn(hﬂ h}/)( ehﬁ—h7 + ehy—hﬁ ehﬂ—h;/ _ eh},_hﬂ)
2 2

y=0
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N
= —%207 [(hB—hp)e™™ + (hB—hy)e™™ e 1V =
=0

= —%ZN:Cy [hB-e" " —hy-e"" +hB.eV M —hy.e " —eM 1 gV | =
y=0

1J iy o o L P
:_gzc[hﬁ ehﬁ e iy + hﬁ'eh{ e g _ehﬂ leh, + eh, e L h:V ehﬁ e hy + h;'/ e hg eh, ] —
y=0

N
— —%ZC},[(I@B e —e"y. e+ (hp-e +e ) e —hy-e” e vhy-e” -e”?"] =

y=0
= —é EC., {(hﬁ -e" —e"). Z Ce"+(hf-e"+e")- 26‘.,9‘“' —e”. Z C,-hy-e™+ e“*ﬁi C,-hy-é” ]
=0 ¥=0 ' ¥=0 ' ¥=0 ' ¥=0 .

taking equations (1.11) and (1.12) into account,

v(hp) :—%[(hﬂ—l)e“/’-(1—e‘1)+(hﬂ+1)e‘“f’-(e—l) —e" -Z’j:Cy-hy.e‘W +e_hﬂiCy-hy-ehy}:

:—%[(hﬁ—l)ehﬂ (- )+ (hB+De ™ (e-1) |+

N N
+Lgm ->.C,-hy-e™ —le‘“ﬂZCy hy -ev.
8 y=0 8 y=0

N N
b, = %ch . h;/-e_hy,b2 :%ZCy -hy-eY specifying that, f<0 at we get the
r=0 =0
following
v(hp) = —%[(hﬂ ~De"” - 1-eH+(hp+1e™ (e —1)} —be" —b,e™

(1.18)
And now >N

v(hp) = %[(hﬁ ~1e™ - (1-et)+(hB+1e™ - (e—1) |-be"” —be™

(1.19)
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—%[(hﬂ ~De” - (1-e?)+ (hB+De™ (e -1+
+be" —be™ +de” +de™, <0

u(hB)=1 f (hp), 0<B<N

%[(hﬂ—l)e“ﬁ (a-e?)+(hp+De™ (e -1)]-
~be" +be™ +de” +de™,f>N

d-=b +d,, d; =—b, +d,,

d =, +d,, dr =—b, +d,

we come to the following issue by entering the designation.

Conclusion
In this work, an exponential optimal quadrature formula has been constructed in the
Gilbert space with a dimension of K,(P,). Initially, an extremal function was found to

calculate the norm of the error functional for this quadrature formula. Then, using this

extremal function, the norm of the error functional was determined. The existence and

convergence of the exponential optimal quadrature formula were demonstrated. A system

of linear equations was obtained for the coefficients of the optimal quadrature formula. To

find an analytical representation of the optimal coefficients that will be the solution of this
d* d®

system F — ZW +1 differential operator a discrete analog was built and its properties

were studied. Finally, optimal odds found.
REFERENCES:

1. Motorniy V.P. O nailuchshey kvadraturnoy formule vida dlya nekotorbix klassov
periodicheskix differensiruemsbix funksiy // lzvestiya AN SSSR. Ser. Matematika. — Moskva,
1974.-T. 38. - S. 583-614.

2. Ligun A.A. O nailuchshix kvadraturnbix formulax dlya nekotorbix klas-sov
periodicheskix funksiy // Mat. zametki. — Moskva, 1978.—T. 24, N2 5. - S. 661-669.

3. Vaskevich V.L. Invariantnbie kubaturnbie formulbi tipa Gregori dlya mnogomernogo
kuba // Sibirskiy jurnal industrialnoy matematiki. —Novosibirsk, 2003. - T. 4, Ne 3. — S, 34-
66.

4. Salixov G.N. Kubaturnbie formulbl dlya mnogomernsbix sfer. — Tashkent: Fan, 1985.
— 104 s.

5. Israilov M.l., Shamsiev E.A. Nekotorble kubaturnbie formulbl dlya shestimernogo
prostranstva // Voprosbl vbichisl. i prikl. matematiki: Sb. nauch. tr. — Tashkent: IK AN RUz,

1983. - vbip. 71. - S. 3-14.

682



